The thermal free energy and pressure of dispersion interaction between two graphene sheets described by the Dirac model are calculated using the Lifshitz formula with reflection coefficients expressed via the polarization tensor. The obtained results for a pristine graphene are found to be in agreement with computations using Coulomb coupling between density fluctuations. For a graphene with nonzero mass gap parameter a qualitatively different behavior for the free energy and pressure is obtained. The Lifshitz formula with reflection coefficients expressed via the polarization tensor is used as a test for different computational approaches proposed in the literature for modeling the response function and conductivity of graphene at both zero and nonzero temperature.
I. INTRODUCTION
The van der Waals and Casimir interactions, which are known under the generic name of dispersion forces, 1 are caused by the vacuum and thermal fluctuations of the electromagnetic field. At shortest separations of a few nanometers dispersion forces are usually referred to as the van der Waals forces. At larger separations, when the relativistic retardation becomes important, it is customary to speak about the Casimir forces. In the last few years the fluctuation induced forces attracted much attention in the literature 2-4 due to their prospective applications in both fundamental physics and nanotechnology. Specifically, a lot of experiments has been performed 5-7 on measuring dispersion forces between metallic, dielectric and semiconductor surfaces spaced at separations from a few tens to a few hundreds nanometers.
Recently, special attention has been directed to carbon nanostructures, such as one-atomthick graphene sheets, carbon nanotubes, fullerenes etc. which possess unique mechanical, electrical and optical properties. 8, 9 These properties appear to be particularly promising to provide the basis for future carbon-based nanoelectronics. Keeping in mind that elements of nano-and microelectromechanical devices are separated by distances of the order of tens or hundreds nanometers, the dispersion forces acting between them are gaining in importance.
For this reason, a lot of papers has been devoted to calculations of the van der Waals and
Casimir forces between two carbon nanostructures and between a carbon nanostructure and a regular material body. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] Particular attention has been given also the the Casimir-Polder interaction of different atoms and molecules with carbon nanostructures.
24-26
The many and varied formalisms were applied to calculate the van der Waals and Casimir forces between two graphene sheets. Here we center our attention on the approaches consistent with the most realistic Dirac model which assumes the linear dispersion relation of the graphene bands at low energy 9 (there is also the so-called hydrodynamic model of graphene 13, 14, 27 which does not take this property into account). Specifically, we compare the computational results obtained using the density fluctuation approach and the random phase approximation, 10, 16, 20, 21 and using the conductivity of graphene modeled as a combination of Lorentz-type oscillators without account 18 The present paper is devoted to calculation of the graphene-graphene thermal van der Waals and Casimir interactions using the Lifshitz theory and the Dirac model for electronic properties of graphene. The reflection coefficients of the electromagnetic oscillations on graphene are expressed directly through the polarization tensor without recourse to the concept of dielectric permittivity. All calculations are performed for both gapless pristine graphene and graphene sheets characterized by some nonzero mass gap parameter.
Note that the Dirac-type excitations in graphene become massive under the influence of electron-electron interaction, substrates, defects of structure and some other effects.
9,28-31
We calculate both the van der Waals and Casimir free energy per unit area and pressure as functions of separation between the graphene sheets and the van der Waals and Casimir pressure as a function of temperature. For a gapless graphene our results are in agreement with computations using Coulomb coupling between density fluctuations with subsequent thermal average. 16 The latter approach is in fact equivalent 16 to the nonretarded limit of the Lifshitz formula with the polarization of an isolated graphene sheet described in the random phase approximation. It was also shown, 16 that retardation effects are of only minor importance for graphene. For graphene sheets with nonzero mass gap parameter we obtain a qualitatively different behavior for the free energy and pressure, as compared to the pristine graphene. In this case the character of force depends on the relationship between the mass gap parameter and the temperature. We provide a discussion concerning the comparison of our results with other results obtained in the literature for graphene-graphene van der Waals and Casimir interactions using the Dirac model.
10,18,20-22
The paper is organized as follows. In Sec. II we begin with the Lifshitz formula containing the reflection coefficients derived using the Dirac model. Then we present our results for the free energy of graphene-graphene van der Waals and Casimir interactions per unit area and pressure as functions of separation and temperature. Section III contains the comparison of our results with the results by others obtained at both zero and nonzero temperature. In
Sec. IV the reader will find our conclusions and discussion. For simplicity in comparisons with the classical limit, we preserve the fundamental constants (the Planck constant , the velocity of light c and the Boltzmann constant k B ) in all mathematical expressions.
II. DISPERSION INTERACTION OF TWO GRAPHENE SHEETS DESCRIBED BY THE DIRAC MODEL
The free energy of the van der Waals and Casimir interactions per unit area of two parallel graphene sheets separated by a distance a at thermal equilibrium with an environment at temperature T is given by the Lifshitz formula
Here, ζ l are the dimensionless Matsubara frequencies connected with the dimensional ones In the framework of the Dirac model at T = 0 the reflection coefficients on graphene for two independent polarizations of the electromagnetic field, transverse magnetic (TM) and transverse electric (TE), were found in Ref. 17 . In terms of our dimensionless variables they are given by 23, 26 r TM (iζ l , y) = yΠ 00 yΠ 00 + 2(
where the dimensionless components of the polarization tensor in (2+1)-dimensional spacetime are expressed asΠ 00,tr = 2aΠ 00,tr / through the dimensional ones and trace stands for the sum of spatial components Π 
Here, α = e 2 /( c) in the fine-structure constant,∆ = ∆/( ω c ) is the dimensionless mass gap parameter,ṽ F = v F /c ≈ 1/300 is the dimensionless Fermi velocity, and τ = 2πT /T eff = 4πak B T /( c), where T eff is the so-called effective temperature. The dimensionless functions f anf g contained in Eq. (3) are defined as
The explicit expression for the trace of the polarization tensor is given by 17,23,26
The Lifshitz formula for the pressure of dispersion interaction between two parallel graphene sheets takes the form
We begin with computations of the free energy of dispersion interaction between two graphene sheets using Eqs. (1)- (5). In Fig. 1 (a,b) we plot the computational results for the free energy per unit area F at T = 300 K normalized to the Casimir energy between two ideal metal planes at zero temperature, E C (a) = −π 2 c/(720a 3 ), in the separation region (a) from 5 to 1000 nm and (b) on an enlarged scale from 5 to 100 nm. The bottom and top solid lines in Fig. 1(a) show the ratio F /E C at T = 300 K for graphene sheets with the mass gap parameter ∆ = 0.1 eV and 0 eV, respectively. In Fig. 1 (b) the quantity F /E C at T = 300 K is shown by the solid lines from bottom to top for ∆ = 0.1 eV, 0.05 eV and 0 eV, respectively, and at T = 0 K by the bottom and top long-dashed lines for ∆ = 0.1 eV and 0 eV, respectively. As can be seen in Fig. 1(a,b) , at short separations the free energy of graphene-graphene dispersion interaction is much smaller than the Casimir interaction between two ideal metal planes, but becomes relatively large with increasing separation distance. The nonzero gap parameter depending on its value exerts some influence on the free energy. From Fig. 1(b) it is seen that already at short separations from 10 to 20 nm the computational results at T = 300 K differ considerably from those at T = 0 K. This means that for graphene thermal effects should be taken into account not only for the Casimir force, but for the nonrelativistic van der Waals force as well.
16
The computations of the van der Waals and Casimir pressures between two graphene sheets were performed using Eqs. (2)-(6). In Fig. 2(a,b) the computational results for the pressure P at T = 300 K normalized to the Casimir pressure between two ideal metal planes at zero temperature, P C (a) = −π 2 c/(240a 4 ), are plotted in the separation region (a) from 5 to 1000 nm and (b) on an enlarged scale from 5 to 100 nm. The meaning of the solid and the long-dashed lines is the same as in Fig. 1(a,b) . From Fig. 2(a,b) it can be concluded that the pressure of graphene-graphene dispersion interaction possesses all the same properties as discussed above in the case of free energy. Specifically, at T = 300 K the thermal effect becomes large enough at short separations of about 10-20 nm and its role quickly increases with increasing separation depending on the value of ∆.
The top solid line in Fig. 2 (b) related to the case of pristine graphene (∆ = 0) within the separation region from 5 to 100 nm is in agreement with the solid line in Fig. 2 of Ref. 
at different separations for a gapless graphene. Thus, at a = 10, 20, 50, and 100 nm one The role of the mass gap parameter in the temperature dependence of the van der Waals and Casimir pressure between two graphene sheets is illustrated in Fig. 3 . Here, the separa- The results of numerical computations presented above can be supplemented by the asymptotic behaviors of the free energy and pressure at large and short separations (high and low temperatures). In the case of large separations (high temperatures) the asymptotic behavior of the Casimir free energy and pressure is determined by the zero-frequency contribution to the Lifshitz formulas (1) and (6) . Using the asymptotic expressions for the reflection coefficients obtained earlier, 17, 23 one arrives at the following Casimir free energy per unit area in the large separation (high temperature) limit
where ζ(z) is the Riemann zeta function. Note that the second term in the square brackets of Eq. (8) is small comparing with unity due to the smallness ofṽ F . In a similar way for the Casimir pressure at large separations (high temperatures) it holds
The asymptotic expressions (8) and (9) (8) and (9) become applicable starting from larger separation distances. Thus, for ∆ = 0.1 eV, T = 300 K the agreement between analytic and numerical computations in the limits of 5% is achieved at a ≥ 800 nm. Note that the first term on the right-hand side of Eq. (9) was obtained in Ref. 16 for a gapless graphene with ∆ = 0. The second terms in Eqs. (8) and (9) provide first corrections to the previously obtained result and generalize it to the case of graphene with a nonzero mass gap parameter. It should be stressed that the main (first)
terms on the right-hand side of Eqs. (8) and (9) correspond to the so-called classical limit 32 because they do not depend on the Planck constant.
The case of two graphene sheets interacting via the nonthermal van der Waals interaction is restricted to the shortest separations from 1 to 3 nm. Here, using Eqs. (1) and (6) at T = 0, ∆ = 0, one obtains
where the constant C is given by
Numerical computations of the integrals in Eq. (11) 
The result (12) 
III. COMPARISON OF DIFFERENT RESULTS FOR DISPERSION INTERAC-TION BETWEEN GRAPHENE SHEETS
We begin with the van der Waals interaction between two graphene sheets at zero temperature. In the first paper devoted to this subject 10 the van der Waals energy per unit area, as in Eq. (10), was obtained with the coefficient C equal to C = 0.288 eVÅ. This is more than twice as large as our value in Eq. (12).
In a later paper Now we discuss the computational results obtained at zero temperature by using the models for conductivity of graphene in terms of Lorentz-type oscillators. 18 By assuming that over a relatively wide range of photon frequencies up to 3 eV the graphene conductivity is approximately constant equal to σ 0 = e 2 /(4 ), it was found 18 that the Casimir pressure is
given by the second equality in Eq. (10) . For the constant in this equality it was derived Ref. 18 are plotted in our Fig. 4 by the gray short-dashed line. In the same figure, the gray solid line shows the results obtained 18 under an assumption of constant graphene conductivity σ 0 (P/P C = 0.00529). As can be seen in Fig. 4 , an assumption of the frequency-dependent conductivity of graphene leads to significant deviations at short separation distances. For the sake of convenience in Fig. 4 we also present the discussed above results of Ref. 20 (the dotted line which corresponds to P/P C = 0.00497) and our results for the gapless graphene sheets and for graphene with the mass gap parameter ∆ = 0.1 eV (they are shown by the top and bottom long-dashed lines, respectively). For a gapless graphene it holds P/P C = 0.00485.
It should be emphasized that although the formalism of reflection coefficients expressed in terms of the polarization tensor provides a reliable test for any alternative approach, at room temperature the application region of the results computed at zero temperature is restricted to only the shortest separations below a few nanometers due to large thermal effects discussed in Sec. II. Because of this, below we compare our results with those computed in the literature taking nonzero temperature into account.
Using the Lifshitz theory and some version of the response function of graphene in the random phase approximation, the Casimir free energy between two graphene sheets was (1) and for two pristine graphene sheets the formalism using the temperature-independent response function of graphene leads to F ∼ 1/a 4 (see Table I in Ref. 21 ), whereas Eq. (8) demonstrates the classical limit, F ∼ −k B T /a 2 , as it should be at large separations (high temperatures). According to Ref. 21 the reason for deviation from the classical limit is that the used formalism 21 takes into account the direct temperature effects, as given by the finitetemperature Lifshitz formula, but neglects the indirect temperature effects arising from the temperature dependence of the dielectric response of graphene (the latter are taken into account by the polarization tensor at nonzero temperature). Furthermore, Ref. 21 expects that for graphene with high doping concentration the indirect temperature effects at room temperature should be negligibly small. Thus, for graphene with doping electron density 10 16 m −2 , using the formalism accounting for only the direct temperature effects it was found 21 that F ∼ 1/a 2 at separations a > 1 µm in accordance to the classical limit. From this it was concluded that for undoped graphene sheets the formalism with neglected temperature dependence of the dielectric response of graphene is applicable only at vanishingly small separations of about a few angströms. 21 These suppositions of Ref. In the limiting case of large separation distances (high temperatures) the used formalism leads to one half of the result for two ideal metal planes, i.e., the obtained Casimir pressure coincides with the first term of our asymptotic expression (9) . Thus, this formalism,
although not enough precise at moderate and short separations, satisfies the classical limit.
IV. CONCLUSIONS AND DISCUSSION
In the foregoing we have investigated the van der Waals and Casimir free energy and pressure between two graphene sheets interacting via the zero-point and thermal fluctuations of the electromagnetic field using the Dirac model of graphene. This was done with the help of the Lifshitz theory where the reflection coefficients were expressed via the components of the polarization tensor in (2+1)-dimensional space-time. In so doing both the pristine graphene and the gapped graphene were considered.
It is common knowledge that graphene and graphene-based nanostructures are the materials of high promise for many prospective applications in micro-and nanoelectronics and, more widely, in nanotechnology. Because of this, it is of high priority to have reliable theoretical predictions for the van der Waals and Casimir interactions between graphene sheets and other carbon nanostructures spaced at separations below a micrometer. At the present time, suspended graphene membranes of sufficiently large area are already available. 33 It is highly probable that measurements of dispersion interaction between graphene sheets and other carbon-based nanostructures will be performed in the immediate future. In this situation the reliable and confirmed theoretical results for a simplest system, such as two graphene sheets, are urgently needed.
The Lifshitz theory with reflection coefficients expressed in terms of the polarization tensor provides a straightforward formalism for the comparison with other approaches. We have calculated the free energy and pressure of dispersion interaction between two graphene sheets with zero mass gap parameter and arrived to the results in agreement with obtained earlier 16 using Coulomb coupling between density fluctuations. Specifically, the existence of large thermal effect for two graphene sheets was confirmed as well as the asymptotic behaviors of the free energy and pressure at short and large separations. We have also generalized these results to the case of graphene with a nonzero mass gap parameter. In this case the thermal van der Waals and Casimir interactions between two graphene sheets are shown to depend on an interrelation between the temperature and the mass gap parameter.
The results obtained were compared with some other results in the literature for graphenegraphene interaction at both zero and nonzero temperature. This allowed to clarify the regions of applicability of several approaches to the definition of response function and conductivity of graphene starting from the measure of agreement between these approaches and the Lifshitz theory with reflection coefficients found using the Dirac model.
In the future it would be topical to investigate the van der Waals and Casimir interactions between graphene sheets deposited on material substrates. This subject is of much interest for experiments in preparation. It is of interest also to take into account deviations of the dispersion relation for graphene quasiparticles from linearity at high energy. 
